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The existence and stability conditions for periodic solutions need no modification.
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ORBITAL STABILITY ANALYSIS USING FIRST INTEGRALS*

A.Z. BRYUM

A method is proposed for investigating the oribtal stability of periodic
solutions of normal systems of ordinary differential equations. The
Lyapunov function is derived from the first integrals of the equations
of the perturbed motion and the scalar product of the velocity of motion
along the orbit and the perturbation vector. Lypunov's second method
was first used in connection with orbital stability in order to study
the phase trajectories of systems with two degrees of freedom /1/.

1. Construction of the Lyapunov function. Let Q C R™' be a domain containing the
orbit /2/ of a T-periodic solution
Y =D (1) (1.1)
of the autonomous system
Y =F () (1.2)
We shall investigate the orbital stability of (1.1) under the assumption that F & Cc® (Q;
Rn+1)_
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Let <., denote the scalar product in R™!,

YO =0 @B <0, Z=col(g, .-\ In)
i =CF 2+ D), $E7 x=v )~ 0D

It is well-known /2, Theorem 25/ that the solution (1.1) is orbitally stable if and only
if the trivial solution of the equations
Z =wpieF (Z + D (1)) — () (1.3)
is stable in Lyapunov's sense to perturbations of Z, in the manifold <y (0), Z,> =0. Clearly,
the following weaker assertion is also valid:

Lemma. 1If the trivial solution of system (1.3) is Lyapunov-stable, then the solution
(1.1) of Egs.(1.2) is orbitally stable.

Let us assume that Eqgs.(l.2) have m time-independent first integrals U, ™ (Q; RY),
such that
Vi 1<iK<m(VY = Q):grad U; (Y), F(¥)y) =0 1.9
It follows from (1.4) that the first integrals
Vi=Ui(Z+ @) — U (@ @) (1.5
of the equations of the perturbed motion
Z=F(Z+ D) — (2 1.6)
are first integrals of system (1.3). Besides (1.5), Egs.{1.3) also have the integral
Ve = O (8), 2> (1.7)

(see /2/), for which there is no analogue in the context of system (1.2).
A trivial argument using Lyapunov's theorem derives the following result from the lemma.

Theorem 1. 1If one can construct from V;, ..., Vm, a positive (or negative) definite
function of Z, then solution (1.1) of system (1.2) is orbitally stable.

Thus, the only difference between the procedure for looking for a Lyapunov function in
orbital stability analysis and the usual /3/ construction of a positive (negative) definite
first integral of the equations of the perturbed motion (1.6) lies in the use of an additional
function of the perturbations besides (1.5) - the linear form (1.7). This makes it possible
to extend Chetayev's method of integral sheaves /4/ to orbital stability analysis.

2. Integral sheaves and orbital stability. Let the first integrals by U, e C® (Q; RY).
Put { (t) = grad U; (P (f)) and express the functions (1.5) by means of Taylor's formula as

Vi=CL(t), 2 +<Qi () Z,2Z) + & (1, 2)
The maps
l,- EC(Z) (R‘; R"ﬂ),. O;EC(I)(RI; L(R"“, R"”))
are T-periodic, and ¢ (t,Z) =0 (| ZIP) uniformly in (& RL
Theorem 2. 1If there exist A; & R!' such that
Shid, (t) = 0 (2.1)

at some time {¢,, and the quadratic form
Q=201 2, 2>
is definite on the manifold N = {(:, )|, (), 2> =...={a (), Z) = (t), 2> = 0}, then the

solution (1.1) of system (1.2) is orbitally stable.
Here and below, summation will always be over 7 from { =1 to i -=m.

Proof. The functions <!; (t),Z> are first integrals of the variational equations for the
solution (1.1) (see /5/). Consequently, [ (f) are solutions of the linear system adjoint to
the variational system /6/. By the existence and uniqueness theorem, Eq.(2.1l) is equivalent
to

ML) =0 2.2)

Choose the signs of A; in such a way that the form & becomes positive definite on N. Put

B=10; TI x {Z |1ZIl =1}, H =<y (t), Z>* + 2 U (t), Z)*

@; are positive constants.

Let P ONMN B be an open set on which @ >z ;. On the compact set B\ P, which is
disjoint from N, H » 20, and Q > —ogy Consequently, if p = a,a;3"', the function Vi +
uIMV, 4+ 2V, is positive definite, since by (2.2) it differs from the form p@ + H, which
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is positive definite with respect to Z, by a quantity of the order of || Zj®. By Theorem 1,
the solution (1.1) is orbitally stable, as required.

Remarks. 1. Why does the vector v (f) not have to appear in (2.1)? To explain this,
consider the scalar products of both sides of the equation

EM I (%) + l’m+1‘p (t) =0 (2.3)

with o (te)s ¥ ()19 (%)- Since
<i (B0, ¥ (te)> = <grad Ui (D (o)), F (@ (t))> =0
we conclude from (2.3) that Ay =0. Thus (2.3) is equivalent to (2.1).
2. The conditions of Theorem 2 are not only sufficient but also necessary for the exist-

ence of a function ne c® &+ RY) such that 1 (Vy, ..., Vi) and its Hessian matrix at

Z=0 are definite*. (*Bryum A.Z., Investigation of periodic solutions of the equations of
mechanics by Lyapunov's methods. Candidate Dissertation, Donetsk, 1985.

3. The .time t plays the role of a parameter in the formulation of Theorem 2, so that the
question of whether the form @ is definite on N may be settled by known methods /7, 8/.

To illustrate Theorem 2, we carry out an orbital stability analysis for some periocdic
solutions of the equations of motion of a rigid body about a fixed point.

3. Pendulum-like motions in a central Newtonian force field. If the Clebsch integrability
conditions /9/ are satisfied, the equations of motion

Ap = (B — C)Ygr — &v'¥') (ABC, pgr, ¥'¥'7) (3.1)
Y =r—q O¥V.7P9) (3.2)

have first integrals

Uy = Ap* + Bg* + Cr* + & (4y* + By + V)
Up=A4py + By + Cry's U =¥+ v + 97
U, = A%? + B + C* — & (BCy* + ACY'® + ABY™)

System (3.1), (3.2) has a solution depending on the parameter % /9/:

Po = 0, Jo = 0, ro = (P', (P-Z =G (';P) (3-3)
Yo=sin@, v, =cosq, V' =0
a = AC?t, B=BC' G(g)=h—e(asin?¢ + P cos®¢)

We may assume without loss of generality that o > f. The periodicity conditions for
(3.3) are
h e lep; + oo [\ {ea} (3.4)

In the notation of Sect.2,

I, = 2c0l (0, 0, Cq’, €4 sin @, eB cos ¢, 0)
l; = col (A sin ¢, B cos g, 0, 0, 0, Co’)
1y = 2c0l (0, 0, O, sin @, cos ¢, 0)
ly =2Ccol (0,0, Cq’, —eB sin ¢, —ed cos @, 0)

Apart from a multiplicative constant,
M=—CYLi=0 k=ct(a+p), A=C2
Therefore the quadratic form @ is
(@ —a)z® + (B2 — B) 2 + e (& + B — ap — 1) 22 3.5)
and the equations of the manifold N are
@ sin @z; 4 B cos @z, + @'z, = 0, sin @z, + cos gz, = 0 (3.6)

9’23 — &f sin @z, — €a cos @z, = 0
€ (f — a) sin @ cos @z5 + ¢ cos ¢z, — ¢’ sin ¢z; = 0
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Acccording to Theorem 2 we must check whether the form (3.5) is definite on the manifold
(3.6). Change variables, putting

— -1 -1 gj
z2, = —B71 cos @z; + ol sin @z,

Then it follows from (3.6) that

z; = —(a™t¢" sin 9z, + P cos @ z;)
z, = —B71¢" cos @z + a sin @z,
23 =2, =325 = 0

Restricted to the manifold (3.6}, the form (3.5) becomes a function of two independent
variables - z; and z;:

{921 — (atsin® @ + prcos® @)l +e(@ + P —ap — 1))z + (3.7
2 (e —B) ¢ sin ¢ cos @z42;, + af (afp — @ sin? ¢ — B cos? @) z,2

The necessary and sufficient condition
(@ — 1P — 1)(r —eaf) >0 (3.8)

for a quadratic form with coefficients periodic in @ to be definite, obtained from Sylvester's
criterion, must be considered together with (3.4). Solving the system of inequalities (3.4)
and (3.8) and using Theorem 2, we obtain the following.

Theorem 3. 1f the constant U,, of the energy integral on the solution (3.3) satisfies
any of the conditions

U E1eB; + oo [\ {ed}, BLA<C
Upwc=1e4BCH; +ol, C<<B<LA
Uy leB;eABC [, B<C<<A

then the solution is orbitally stable.

Putting e = (0, we obtain a well-known condition for the stability of permanent rotations
of an Euler gyroscope about the major and minor axes of the inertia ellipsoid (see /10, para.
392/).

4. Delone case. Under the Kovalevskaya conditions, the dynamic Euler equations in non-
dimensional variables are

2p"=gqr, 2¢ = —rp—%', r=9 (4.1)

System (4.1), (3.2) has first integrals

U=2@0*+ &) +r—2y, Ug=2(py+ q¢v) + 1V
Us=7v+ 72+ 9% Ui=@*— ¢+ 1+ 2pg + ¥')?

and a particular solution

po=hsing, ¢y =9, ro=_2hcoso (4.2)
Yo = @ — Po®y Vo' = —2Podo, Vo' = sin (p + )
@ =G (p) = cos (¢ + a) —h?sin® ¢

satisfying the Delone integrability conditions /11/. Here h >0 and o are parameters.
We shall assume from now on that the solution (4.2) is not a constant.
We have

{9 |G = dG/dgp = 0, d*G/de* > 0} =
if and only if
I'sin & | = (3 3R) 2k + hy):(4h% — b)) (4.3)
B e Pl 1, by = (48 —3)

If h and o do not satisfy conditions (4.3), the solution (4.2) will be periodic.
In the notation of Sect.2,
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1, = 2 col (2por 246r oy —1. 0, 0) (4.4)
Iy = col (29, 2¥o", Yo"y 2P0+ 290 To)
I3 = 2¢col (0, 0, 0, Vo, Yo'» Yo'}
1y = col (0,0, 0,0,0,0)
@ = col (pg, Gos To» Yor Yo's Vo)

Apart from a multiplicative constant,
M=h=H4=0 A=

The quadratic form @ is

gy D + gy ZD2 (4.5)
Iy = col (2P, —246, 0, 1, 0, 0), Iy = col (2go, 2po, 0, 0, 1, 0)

This form is clearly definite on the manifold

A2y =L ) = 2> = 2> =D, Z) =0
if and only if the vectors I, I, I3 I;, Iy and @ are linearly independent at any instant of
time. Calculations show that (I, O =, DD = 0. Therefore, in order to apply Theorem

2, we have to verify the condition rank {l,, Iy, Iy, I;, [} = 5. Using standard linear algebra and
Theorem 2, we obtain the following orbital stability criterion.

Theorem 4. If h >0 then any periodic solution of Egs.{4.1), (3.2) satisfying the
Delone integrability conditions, other than the rest point, is orbitally stable.

5. Pendulum motions of a Kovalevskaya gyroscope. Egs.(4.l1), (3.2) have a particular
solution

Po=0, go=1¢, ro,=0, ¢2=h 4+ coso 5.1)
Yo =¢08Q, Yo =0, v’ =sing

describing the motion of a Kovalevskaya gyroscope about the major axis of the ellipsoid of
inertia. If h s 41, this solution is periodic.
In the notation of Sect.2,
ll = ¢ol (0. 4qo, O, _21 01 0)1 lz = col (2Y01 01 ‘Yl]”, 07 2q01 0)
Iy = 2col (0, 0, 0, v, 0, "), I, = 2R col (0, 20, 0, —1, 0, 0)

Apart from a multiplicative constant,
AM=—h, A=2k=0 A =1

The quadratic form @ is

405" + 4 (Vo + k) 20® — h2g® 4 2% + 2% + 4402125 — 4402t (5.2)
and the equations of the manifold N are
2¢o2, —2, = 0, 2cos @z, + sin ¢z + 2g,2, = 0, cos gz, + sin gz = 0 (5.3)

— Y/, sin gz, — g, sin ¢z, -+ g, cos gz, = 0

Analysis shows that the form (5.2) is definite under conditions (5.3) only for hes] —1,
0l. Using Theorem 2, we can state the result as follows.

Theorem 5. If he1-—1,0[, then the solution (5.1) of system (4.1), (3.2) is orbitally
stable.

Remark. The solution (5.1) is stationary with respect to p,r,pt—¢*+7v and 2pg+%, so
Theorem 5 implies the result of /12/ concerning Lyapunov-stability with respect to these
quantities.

The above sufficient condition for orbital stability has a simple physical meaning: if
hel—1,01 and the system is performing pendulum oscillations, then the angle between the
vector of the force of gravity and the barycentric axis remains acute throughout the motion.

6. The Bobylev-Steklov case. We conclude with a non-trivial example in which the suf-
ficient conditions of Theorem 2 are also necessary. Consider the periodic solution
Po =const, gy =0, rg=¢ (6.1)

9% =2k cos @ -+ pg (1 —k* — py?)
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Yo =Fkcosp —p v = —ksing, v = —po,
of Egs.(4.1), (3.2) satisfying the Bobylev-Steklov integrability conditions /11/. Here p,=0
and k>0 are parameters. The domain of admissible values of py and k is

[k —po® | <1 (6.2)
Theorem 6. The solution (6.1) of system (4.1), (3.2) is orbitally stable if and only if
0 h<<pe® k4 3pt<t (6.3)
or
P <k<p?+1, 1<k + 3p,* (6.4)

Proof. Sufficiency. In the notation of Sect.2, the quantities 4,4,ly are determined by
formulae (4.4) with ¢, =0, and
o= 2 col (2P + 2Pg¥es 2PoYo"s 0y Po® + Yor O, V')

The quadratic form is as follows:

Q = 6pe®n® + Bpyin® + 24t + 2 + 4posiaq + 4Potsss — (Poss 1 20) (6.5y
and the equations of the manifold N become
2pony - rots — 2= 0, 2yo2; -t 2¥0'5s + 10”25 + 2Pose + roza = 0 (6.6)

If k>0 we put Ay = —pg?, Ay= —2p,, Ay = —1, A¢=1.
Then @ becomes

Lpe* + 2v0) 22 -+ by’ m1ma — 2y93,% — (poss + 30)? 8.7)
and N is defined by (6.6) with the additional equations
Yose + Vo'2Zs + ¥o"% = O ¥5'z5 + Vo'roza — (Po? + V) ro%s — PoYo"se}= 0 (6.8)

Eliminating the dependent variables from (6.6) and (6.8), one can check the forms (6.5)
and (6.7) for definiteness using Sylvester's criterion. The conditions thus obtained on the
parameters are precisely the disjunction of (6.3) and (6.4). Thus, by Theorem 2, conditions
(6.3) and (6.4) are sufficient for (6.1) to be orbitally stable.

Necessity. Following /13/, we put
Up=pi 3 (3p* — K+ 1), 4K;= at —2Upa + 4V 2py! (ppt — k* + 1) a + (6.9)
Ak —1)

Hy = 1)y (U -~ 36.%), Hs = Y2 (— a* + Upa? — 2)

where s, is a multiple root of the polynomial K,. The relation
4Ky = (¢ — V2po)t [e® + 2 V 2poe + 2p,7% (8 — 1)
shows that a = 2p,3. Substituting this into (6.9), we obtain
HyHy = /2 po? (po* — k%) (1 — 3pet — k?)

It is known /13/ that if H,H; <0 the equations of the Kovalevskaya gyroscope have a
solution which tends asymptotically to (6.1) as ¢-——cw. By (6.2), a necessary and sufficient
condition for H,H,>0 to be true is precisely the disjunction of (6.3) and (6.4). Con-
sequently, if neither of conditions (6.3) and (6.4) is satisfied, the solution (6.1) is orbit-
ally unstable. This completes the proof.

Conditions (6.3) and (6.4) determine the region in the plane of the parameters k, po?
characterized by necessary and sufficient conditions for orbital stability of periodic  sol-

utions of the equations governing the motion of a Kovalevskaya gyroscope, on the assumption
that the Bobylev-Steklov integrability conditions are satisfied (see the figure).
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AN ALGORITHM FOR THE ASYMPTOTIC SOLUTION OF A SINGULARLY PERTURBED
LINEAR TIME-OPTIMAL CONTROL PROBLEM*

A.I. KALININ

An algorithm for the approximate solution (in the asymptotic sense) of a
singularly perturbed linear time-optimal control problem is proposed. A
computational procedure is outlined, which permits the use of the
resulting asymptotic approximation for the exact solution of the problem
with a prescribed value of the small parameter.

1. Statement of the problem. 1In the class of scalar piecewise-continuous controls, we

consider the following optimal control problem for a time-independent linear system:

r=AWz+dbWu 20 =2, 2(I)=0 1.4y
jlu@®<<t, J@u =7T->min
Ajp 4 b °
aw=|" A w =t =] #=I7
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